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In this note we obtain the necessary and sufficient condition for uniqueness 
of solution of the Dirichlet problem for the (n + 1)-dimensional wave 
equation in rectangular domains bounded by hyperplanes normal to the 
coordinate axes. It is well known that the Dirichlet problem for hyperbolic 
equations is not in general a well-posed problem. For example, the solution 
of the two-dimensional wave equation u,, - utt = 0 in a rectangle with 
sides forming 4.5-degree angles with the coordinate axis is completely 
determined by its values on only two adjacent sides of the rectangle. On the 
other hand, if the rectangle has sides parallel to the coordinate axes, it has 
been shown by Bourgin and Duffin [l], that uniqueness of solution of the 
problem holds if and only if the ratio of the sides is an irrational number. 
Related studies of the problem for the two-dimensional wave equation con- 
cerning questions on uniqueness, existence and continuous dependence of the 
solution on the boundary data have also been carried out by John [2], and 
Fox and Pucci [3]. 
The method employed in this note is a variation of the method of Bourgin 
and Duffin. The same method is also employed to obtain the necessary and 
sufficient condition for uniqueness of the corresponding Neumann problem. 
Let (x, t) = (xi ,..., x, , t) denote a point in (n + 1)-dimensional space; 
let R denote a rectangle in this space defined by the inequalities 
0 < xi < ai ) i = I,..., n; o<t<a, (1) 
and let aR denote the boundary of R. 
We consider the following homogeneous Dirichlet problem in R, 
Lu z %$q + ... + Ul”z!, - Utt = 0, (.r, t) E R, (2) 
u = 0, (x, t) E aR. (3) 
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THEOREM 1. Every solution of (2) and (3) belonging to C2(R) and 
Cl(R) vanishes identically if and only if 
i (Z)’ f (gl 
i=l 
(4) 
for all (n + l)-tuples (m, ,..., m, , m) of nonzero integers. 
PROOF. I f  condition (4) is not satisfied then there is an (n + 1)-tuple 
Cm 1 ,..., m, , m) of nonzero integers such that 
i (%j* = ($)‘, 
i=l 
and the function 
u(.‘c, t) = [fJ sin (, yj] sin (+) , 
is a nontrivial solution of (2) and (3). 
Conversely, we will show that if condition (4) is satisfied, then every 
solution of (2) and (3) vanishes identically. 
Integrating the differential identity 
VLU - ULV = i (VUXi - uv.*)pi - (VUt - UT,&, 
i=l 
over the rectangle R and applying the divergence theorem we obtain the 
integral identity 
jR(Vh - ULV) dxdt = J‘,, [i (VUzi - UVzi) yxt - (VUt - UVJ~~] da, (5) 
where Y= ,..., v  , vt are the components of the unit vector normal to iiR 
in the dkectior?exterior to R. If  u satisfies (2) and (3) and if we choose 
v(x, t) = (Dl sin p,X,) sin pt, 
where the constants p, ,..., p, , p satisfy the relation 
P* = f: Pi’, 
,=l 
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then, Lo = 0 and (5) yields 
gl Sin PA \ ( fi sin P,Xj) uz, sin pt do = sin pa 1 
- **=!q J=l 
( fi sin pjs,) ut da, 
t-a j=l 
j#i 
where the integrations are carried out over the indicated faces of R. If we 
finally choose pi = mir/ai , i = l,..., n, where the m,‘s are any nonzero 
integers, we obtain 
sin 1 [ir (2)‘]“” na/ I,=, 0 [sin (F)] ut do = 0, 
3 3 
which by condition (4) implies 
S~...I~[~sin(~]!~~(x~,...,x~,a)dr,...dx~=O, (6) 
for all n-tuples (m, ,..., m,) of nonzero integers. Equation (6) states that all 
the coefficients of the multiple Fourier sine series expansion of ut(xl ,..., X, , a) 
are equal to zero which implies that 
ut(x, a) = 0. 
Next, we integrate the differential identity 
(7) 
2utLu = 2 5 (u$& - (i UEi + ut”) , 
i=l i=l t 
over the part RT of R between the hyperplanes t = T and t = a, where 
0 < T < a, and apply the divergence theorem to obtain 
I RT 2utLu dx dt = IaRT [$ utuziyzi - ($ uti + ut”) Q] da. (8) 
If u satisfies (2), (3), and (7) this integral identity yields 
I,=, (i z& + ut2 1 dx, *** dx, = 0. (9) 
OCXi<Ui i=l 
Since 0 < T < a is arbitrary, we conclude that all derivatives of u vanish 
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in R. Hence u is constant in R and since u = 0 on aR, it follows that u G 0 
in R. 
This method may be employed to establish a uniqueness result for the 
Neumann problem, or more generally, for boundary value problems in which 
Dirichlet data are given on some sides and Neumann data on the others. It 
will be sufficient to consider the Neumann problem, as the modifications 
needed for the other boundary problems follow quite easily. Hence, we con- 
sider the problem 
Lu = 24,1,1 + ... + u2,s, - 24tt = 0, (x, t) E R (2) 
a.4 
z= 0, (x, t) E 3R, 
where au/&~ denotes the external normal derivative of u on aR. 
THEOREM 2. Every solution of (2) and (10) belonging to C”(R) aud 
Cl(R) is equal to a constant if and onZy if 
for all (n + 1)-tuples (m, ,..., m, , m) of integers dlzerent from (O,..., 0, 0). 
PROOF. I f  condition (11) is not satisfied then there is an (n + 1)-tuple 
( ml ,..., mTL , 772) of integers different from (O,..., 0, 0) such that 
and the function 
u(x, t) = [fi cos (Jyq] cos (J$) 
i=l 
is a nonconstant solution of (2) and (10). 
Conversely, we will show that if condition (11) is satisfied, then every 
solution of (2) and (10) is equal to a constant. Again we use the integral 
identity (5) with u a solution of (2) and (10) and 
zl(.r, t)= (fi cos pixi cos pt, 
i=l 
j 
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where the constants p, ,..., p, satisfy the relation. 
Then, Lu = 0 and (5) yields 
El pi sin pia, / (fi cOs PjXj) u cos pt da 
2pIZi j=l 
j#i 
= P sin Pa / t=a (i COS Pjxj) u do- 
Choosing pi = mir/ai, i = l,..., 11, where the mi’s are integers not all equal 
to zero, we obtain 
sin I[$ (J$)‘]“’ 
2-l 
mz/ J’,=, [fi cos (y)] u do = 0, 
which by condition (11) implies 
for all n-tuples (mr ,..., m,,) of integers different from (0 ,..., 0). Equation (12) 
states that all the coefficients, except the constant term, of the multiple 
Fourier cosine series expansion of u(xr ,..., X, , a) are equal to zero and we 
conclude that 
u(x, a) = constant. (13) 
Now if u satisfies (2), (10) and (13) th e integral identity (8) again yields (9) 
from which we conclude that u = constant in R. 
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